Abstract. We consider time-harmonic wave scattering from unbounded penetrable rough layers and provide existence theory for this problem via variational formulations. A rough layer is a model for a stratified and unbounded inhomogeneous medium where the refractive index varies. For our variational approach, the refractive index can be real or (partially) complex valued and is allowed to jump across interfaces. However, the index needs to satisfy a non-trapping condition, which requires, roughly speaking, monotonicity in the direction normal to the layer. In the half space above and below the rough layer we set up a radiation condition using the angular spectrum representation. Due to the unbounded setting, we establish integral formulas similar to Rellich's identity to obtain an a-priori bound for a variational solution of the rough layer scattering problem. This a-priori bound is the basis for our existence result. We further provide regularity theory for the rough layer scattering problem and give bounds on its frequency dependence. Our existence results hold for all wave numbers and apply to acoustic scattering in dimension two and three as well as to electromagnetic scattering for the electric and the magnetic mode.
1.
Introduction. Scattering problems for unbounded layered media enjoy great interest in both the mathematical and engineering sciences. In applications, they occur for instance in outdoor noise propagation or in oceanography when modelling sonar measurements. Such wave propagation phenomena are modelled in a natural way as scattering problems for unbounded, penetrable and layered scatterers, which we collectively call rough layers in the sequel. In the time harmonic regime, propagation of a wave field u caused by a local source g about a rough layer can be mathematically described by the Helmholtz equation ∆u + k 2 n 2 u = g in R m , m = 2, 3, with wave number k > 0. The refractive index n 2 models the rough layer and is hence typically varying over an unbounded domain of finite height about a hyperplane. Figure 1 .1 illustrates this concept. Mathematical methods to solve scattering problems for such scattering objects are often difficult to develop, the unboundedness of the scattering object presenting a major challenge. Nevertheless, during the last years a variety of different methods and techniques have been introduced. Most of them are concerned with Dirichlet boundary value problems for the Helmholtz equation with constant coefficients above a rough surface, which is a surface within a finite distance of some hyperplane. We refer to [13, 14, [18] [19] [20] [21] for a brief impression of the variety of the field. Since the Helmholtz equation also describes electromagnetic wave propagation for the electric mode, it seems natural to consider also the corresponding equation describing the magnetic mode, ∇ · (A∇u) + k 2 u = g for a coefficient A varying within a rough layer. The rough layer scattering problem is posed on an unbounded domain and in consequence we need to complement the partial differential equation by a radiation condition. Since we are interested in solving via variational methods in H 1 , the angular spectrum representation is suited to act as a radiation condition, since it easily allows to construct exterior Dirichlet-to-Neumann operators. Roughly speaking, this condition requires that the field above and below the rough layer can be represented by a linear combination of upwards and downwards propagating plane waves, respectively. As indicated in Figure 1 .1, we assume that the rough layer is contained in 
. , xm).
The penetrable layer has finite distance to the hyperplane {xm = 0}. We seek the wave field due to a source situated in a neighborhood of the layer. {−h < x m < h}, where x m denotes the mth coordinate of a point x = (x 1 , . . . , x m ) ∈ R m , and hence impose the latter plane wave representation in the two half-spaces {x m ≷ ±h}. For the relation of this radiation condition to other conditions such as the upward propagation radiation condition or the Rayleigh expansion condition we refer to [1, 3] .
In two dimensions, existence and uniqueness of solutions to Dirichlet and impedance problems for rough surfaces has been investigated in a series of papers by Chandler-Wilde and co-workers, see, e.g., [4, 9, 21] . Corresponding results for the Dirichlet scattering problem in three dimensions have been achieved in [5, 6] . In all these papers, boundary value problems for rough surfaces have successfully been treated by boundary integral equation methods. In contrast, volume integral equations have been used in [10, 11] to solve two-dimensional rough layer scattering problems in the space of twice continuously differentiable functions. This method is at present limited to two dimensions. Interestingly enough, similar 2D non-trapping conditions as we use below are necessary to obtain uniqueness of solution in [10, 11] : condition (A3) in [11] is a monotonicity condition for Re(n 2 ) with respect to x 2 and (A4) imposes some minimum decrease of Re(n 2 ) in x 2 , uniformly in x 1 . Our existence theorem 4.1 requires two conditions which are rather similar to the mentioned ones, which we however formulate in a slightly different way. Principal differences of our results compared to those in [10, 11] are that we solve the scattering problem in Sobolev spaces of square integrable functions, and our results are essentially independent of dimension.
Despite the setting in [11] being probably closest to ours among the literature, our variational analysis is quite different from the integral equation method used in [11] . Much closer to the analysis in this work are the papers [7, 8, 12] on variational methods for rough surface scattering, all involving Dirichlet boundary conditions. While the pioneering work [7] by Chandler-Wilde and Monk treats the Dirichlet scattering problem for a rough surface, [8] considers scattering by an inhomogeneous medium situated on top of a rough surface where a Dirichlet boundary condition is imposed. In [7, 12] , the Dirichlet problem is shown to be uniquely solvable for all wave numbers, however, [8] only contains existence results for small wave numbers gained by coercivity estimates of the variational form.
In the main results of this paper, we establish solution theory for scattering from an unbounded inhomogeneous medium for all wave numbers under the non-trapping conditions for Re(n 2 ) mentioned above. More precisely, under the condition that n 2 is real-valued, that ∂n 2 /∂x m does not change sign and vanishes outside Ω := {x ∈ R m , −h < x m < h}, and that the growth of n 2 along the mth coordinate satisfies a certain uniform lower bound, the
(Ω). Our analysis allows that the index may have jumps across interfaces. In case that the medium is (partially) absorbing there holds a corresponding existence result. However, our analytical tool to establish existence for real n 2 does not seem to be suitable for complex refractive indices, and thus we treat the absorbing medium through coupling the result for the non-absorbing case with an a-priori absorption estimate.
Concerning the scattering problem for the magnetic mode, ∇ · (A∇u) + k 2 u = g, we need to assume that the smooth matrix valued function A is such that ∂A/∂x m is a semi-definite matrix everywhere in Ω. If we assume additionally that the medium described by A is absorbing in a half space above or below Ω, then we can show uniqueness and existence of solution for this problem. In mathematical terms, we suppose that the imaginary part Im(A) is negative definite in a half space. No absorption is necessary if the field additionally satisfies a Dirichlet boundary condition on a rough surface below the rough medium. Indeed, in such a setting we show existence and uniqueness of solution for a quite general symmetric equation of second order under some of the above non-trapping conditions on A and n 2 . This existence result for the combined rough layer/rough surface problem holds for all wave numbers.
The basis for all these existence results is an integral identity for solutions of the Helmholtz equation which in the case n 2 ≡ 1 is known as the Rellich identity. Since our identities are inspired by Rellich's one and share the same structure, we still call them Rellich identities. As the reader will certainly note, derivation of such identities is a rather technical affair. Therefore we try to keep the setting simple and thus we assume that n 2 is piecewise Lipschitz continuous with possible jump discontinuities. Extension to weaker smoothness assumptions from [2] , which assume only existence of certain distributional derivatives, is straightforward for anybody familiar with the subject. This seems however not to offer many new insights for practical material configurations. Finally, to keep the Rellich identity in a more compact form we work with the non-trapping condition that the sign of ∂n 2 /∂x m does not change -we only mention at this point the more general condition (A3) in [11] stating that the sign of (x m − β)∂n 2 /∂x m , β > 0, does not change. However, this more general condition could also be used as a non-trapping assumption in our analysis. (Multiply by x m − β instead of x m + h in (3.4) for β ∈ (−h, h). Several additional boundary terms will appear.)
As a consequence of our Rellich identities, the bounds in our estimates for the solution of the rough layer scattering problem can be given explicitly in terms of the problem setting. However, optimizing these constants with regard to the wave number k is not our aim and we accept high powers of k in our estimates. The wave number dependent Sobolev norms from [7] improve some of our results in this respect and we comment on this possibility whenever it applies. The wave number dependence of estimates for solutions to rough surface or layer scattering problems gained via Rellich identities as we apply it here does not seem to be optimal, compare Remark 4.9 in [7] .
The outline of this paper is as follows. In Section 2 we recall the angular spectrum representation for rough surface scattering and give a variational formulation of our problem. Afterwards, in Section 3 we derive a Rellich identity for the Helmholtz equation in a rough medium, the basic tool of our analysis. Afterwards, we apply this identity in Section 4 to non-absorbing media and in Section 5 to absorbing media. From the viewpoint of electromagnetic scattering, all results so far concern the electric mode. Section 6 contains corresponding results for the magnetic mode, assuming that the medium is absorbing in one half space and varies smoothly. Finally, Section 7 treats a rather general symmetric elliptic equation of second order, subject to a Dirichlet boundary condition on a rough surface below the rough medium. The appendix contains the proof of a technical lemma.
Radiation Condition and Variational Formulation.
In this section, we present in some detail the mathematical formulation of the basic scattering problem under investigation, a Helmholtz equation with variable lowest order coefficient. Henceforth we denote points in R m as
⊤ , that is,x are the first m − 1 coordinates of x ∈ R m . In this work, m = 2 or 3, although all arguments transfer to higher dimension. The acoustic field due to a local time harmonic source g which is supported in Ω := {x ∈ R m , −h < x m < h}, h > 0, satisfies the Helmholtz equation
with wave number k > 0, subject to the additional assumption that u and its normal derivative are continuous over interfaces where the refractive index n 2 jumps, and a radiation condition in U Inside Ω we define an interface Γ := {x ∈ R m , f (x) = x m } which is given by a Lipschitz continuous function f :
The interface Γ naturally separates Ω into two parts Ω ± := {x ∈ Ω, x m ≷ f (x)}. Important for our analysis are the following two further assumptions on n 2 . First, For simplicity, we define
The exterior unit normal field to Ω and Ω R is called ν and the boundary of Ω R is C R := ∂Ω R . We split C R in the disjoint union As in [7] , we prescribe that the field u in the upper domain U 
The square root in the latter expression is defined by a branch cut along the negative imaginary axis. Especially, for n 2 + real and
a formula which defines a Dirichlet-to-Neumann operator T
In the same fashion, we construct a Dirichlet-to-Neumann operator T
By [7] , T
they allow to formulate the rough layer problem variationally in
(Ω). On the interface Γ where the index of refraction n 2 may jump, the field as well as its normal derivative are assumed to be continuous, [u] Γ = 0 and [∂u/∂ν] Γ = 0. By integration by parts, this leads to the variational problem to find u ∈ H 1 (Ω) such that
A Rellich Identity.
In this section we derive a Rellich identity which leads subsequently to a-priori estimates and thereby to inf-sup conditions for the variational formulation of the rough layer scattering problem (2.4). Our principal assumption for this identity is that n 2 is real-valued in Ω. The two parameters n , do not need to be real valued. At first glance, it seems superfluous to consider complex n 2 ± , however, we benefit from this generality in Section 5 when dealing with absorbing media.
First, we note that a solution u ∈ H 1 (Ω) of (2.4) for g ∈ L 2 (Ω) belongs by elliptic regularity results to H 2 (K) for all compact sets K ⊂ Ω ± . Therefore, the Laplacian ∆u is locally square integrable, however, one can prove a stronger result. We introduce the spaces
). In the following proof, we do as an abuse of notation not distinguish between a solution u ∈ H 1 (Ω) of (2.4) and its unique radiating extension to all of R m by means of (2.2) and (2.3). The proof consists of naturally extending local regularity results to the unbounded domain Ω.
Proof. First, let us suppose that n 2 can be extended by the constants n
We note that these cubes cover Ω:
By Q 2 j := j + 2Q we denote an even larger cube containing Q j . From the transmission regularity result [16, Theorem 4.20] we obtain the following estimate in each cube Q j ,
However, the jumps [u] Γ and [∂u/∂ν] Γ through Γ vanish, yielding
The constants C j depend on the local smoothness of the coefficient n 2 and the local regularity of Γ. Due to the lemma's (global) smoothness assumptions that Γ is of class C r+1,1 b and n 2 is C r,1 above and below the interface Γ, there is a uniform bound C for the numbers C j . Now we can exploit that the Q j cover Ω, [7] , which states that
a similar estimate in R m−1 × (−2h, −h), and corresponding estimates for the L 2 norm of u.
Next, we consider the case that the extension of n 2 by the constants n 
) . This holds especially if the extension of n 2 to U ± ±h by the constants n 2 ± is not smooth. Repeating the covering technique from above and using again (3.2), one arrives at u
The following Rellich identity is our main tool to derive an a-priori estimate for a solution of the scattering problem (2.4).
Recall that ν m denotes the mth component of the unit normal vector ν. Proof. A solution u ∈ H 1 (Ω) of (2.4) belongs to H 2 (Ω) by Lemma 3.1(a). Hence, the partial derivative ∂u/∂x m belongs to H 1 (Ω) and we can use Green's first identity [16, Theorem 4.4 ] to show that 
(Ω) and n 2 is real in Ω, we have on the other hand 2 Re
The Lipschitz continuity of n 2 in Ω ± implies that its restriction to Γ ± (from the interior of Ω) and to Γ (from above or below) is well defined. We combine the last equation with (3.5),
Since ν m vanishes on C R ∩ Ω, we have
as R → ∞ and also
For treatment of the other two boundary integrals over C − R , we use H 2 (Ω) regularity of u shown in Lemma 3.1. First, as ν m = 0 on C R ∩ Ω,
as R → ∞, since the integral over the complement Γ h \ C + R tends to zero by the trace theorem and the limit exists. Concerning the second integral, using Green's first identity in Ω R \ Ω r , R > r, we get
For R, r → ∞, the left-hand side tends to zero since u ∈ H 2 (Ω). This in turn implies that
where we note that the integral exists since u ∈ H 2 (Ω). Hence, we obtain
Due to the variational formulation (2.4),
yielding the identity (3.3).
Existence and Uniqueness for Non-Absorbing Media.
Let us now take the Rellich identity (3.3) as a starting point for an a-priori estimate for a solution u of (2.4). This apriori estimate allows us to show an inf-sup condition for the variational formulation (2.4) and thereby existence and uniqueness of the scattering problem. The present section is devoted to the case of real contrasts corresponding to non-absorbing media: n 2 ≥ c 0 > 0 in Ω. Complex 
Then there exists a unique solution u ∈ H 1 (Ω) of the variational problem (2.4) and this solution depends continuously on the data
To arrive at this result, we continue the analysis leading to the Rellich identity (3. The first term in the second line of (3.3) is at first glance difficult to bound as it is quadratic in u. However, we can apply [ 
3). Let us first investigate the term in (3.3) involving the Dirichlet-to-Neumann operator
T + n 2 + .
The Plancherel identity implies that
Proof. The proof of [7, Lemma 2.2] reveals that (note that, using the notation of [7] , we can take a = H since u ∈ H 2 (Ω))
A straightforward computation shows that
we need to show that
We also need to show that, for arbitrary ξ ∈ R m−1 , 
. Hence, the estimate (4.4) follows from
and the basic inequality r ≤ √ r for r ∈ [0, 1]. Taking the imaginary part of the variational formulation (2.4) with v = u shows that
and this estimate is valid for real as well as for complex n 2 + . We take the real part of (3.3), plug in the last two estimates, and rearrange terms, The following two lemmas show how to control u L 2 (Ω) from estimate (4.5).
.
Proof. Recall that f : R m−1 → R is the Lipschitz continuous function defining the surface
Finally, integration over thex variables yields
We recall that for f Lipschitz continuous, the gradient ∇xf is a bounded measurable function and the surface measure on Γ is given by (1 + |∇xf | 2 ) 1/2 dx. Density of smooth functions in H 1 (Ω) now yields the claim of the proof. 
Proof. Again, we first consider a smooth function u ∈ C ∞ (Ω) ∩ H 1 (Ω) and note that
as well as
We choose a such that (x, a) ⊤ belongs to the layer D and integrate over the thickness of this layer, which is by assumption at least 2δ and at most 2h,
Now, density of smooth functions in H 1 (Ω) yields the assertion. Now we are ready to give a proof of the main Theorem 4.1. Proof. [Theorem 4.1] The claim follows from the a-priori bound (4.5) together with the two technical lemmas 4.3 and 4.4 and Lemmas 4.4 and 4.5 in [7] .
Taking the real part of (3.8) we obtain
for a solution u of the variational problem (2.4), which we abbreviate here as b(u, v) = − Ω gv dx for all v ∈ H 1 (Ω). Depending on the respective assumption, either Lemma 4.3 or Lemma 4.4 yields that u 2 L 2 (Ω) is controlled by the right-hand side of (4.5). We show the corresponding estimate only for the case that Lemma 4.3 applies,
Note that x m + h ≥ δ > 0 due to the general assumption that −h + δ < f < h − δ. Therefore,
Lemmas 4.4 and 4.5 in [7] show that the last bound implies an inf-sup condition for the
holds as well. Therefore [15, Theorem 2.15] yields existence, uniqueness, and boundedness of a solution to (2.4).
Up to now we merely solved the wave scattering problem for refractive indices which, broadly speaking, increase in the x m direction. We finish this section with the related result for decreasing contrasts, which follows by application of Theorem 4.1 to v(x, x m ) := u(x, −x m ). 
Existence and Uniqueness for Absorbing Media.
After our study of rough layer scattering from non-absorbing media, we turn now to absorbing scatterers where the refractive index n 2 is complex valued. Surprisingly enough, the unboundedness of the scatterer makes our arguments for real indices even a little easier than for complex valued indices, because it seems to be difficult to set up a Rellich identity for absorbing scatterers. Therefore, we use the existence and uniqueness results from the last section, coupled with an a-priori estimate based on the absorbing nature of the medium.
We assume in this section that n 
Proof. We rewrite the Helmholtz equation as
Since the index of refraction on the left-hand side of this equation is real, we directly obtain an a-priori estimate for u if Re(n 2 ) satisfies the assumptions of Theorem 4.1 or of Corollary 4.5,
for k 0 > 0 arbitrary, but fixed. In the last step, we exploited that we allowed complex parameters n 2 ± in the Dirichlet-to-Neumann operators T ± n 2 ± during the last sections. Further, the norm
is easily bounded a-priori by the variational formulation. Taking the imaginary part of the variational formulation (2.4) with v = u, we get
We already know that Im
± in the first quadrant of the complex plane. Hence,
This allows to conclude that
yielding an a-priori estimate for u similar to (4.5).
As a nice feature of the last theorem, Im(n 2 ) does not need to be more regular than L ∞ (Ω). Replacing the H 1 (Ω) norm by the equivalent k dependent norm
improves the k dependence of the stability estimate for u for large wave numbers in Corollary 5.1. By virtue of (5.1), the power of k in the estimate reduces to six.
Scattering from Anisotropic Layers: the H-mode Equation.
In two dimensions, the Helmholtz equation (2.1) arises not only in acoustic scattering problems but also as governing equation for the electric mode in scattering of electromagnetic waves from rough structures which are independent of one space dimension, see, e.g., [17] . This section presents a generalization of the above results to scattering from rough structures for the magnetic mode (brief, the H-mode),
Taking a different perspective, this equation also describes acoustic wave scattering from rough anisotropic layers. Again, our analysis is based on Rellich identities and a-priori estimates. We show that if the coefficient A is sufficiently smooth and if the scattering problem involves absorption in one half space, then we can solve (6.1) in
(Ω). Further, if a Dirichlet boundary condition is imposed on some rough surface below the rough layer, then uniqueness and existence of solution hold without any absorption assumption. Problems of this kind are studied in the next section.
Throughout this section we assume that A = ((a ij )) ∈ C 0,1 (Ω, C m×m ) is continuously differentiable with bounded Lipschitz continuous derivative. Further, we suppose for technical reasons that A has the special structure Then we can impose jump conditions for u on Γ −h ,
which complement (6.1). As in the previous sections, we formulate radiation conditions in U ± using exterior Dirichletto-Neumann operators. Since we can rewrite the H-mode equation ( 
(Ω), the variational formulation of the scattering problem is to find u ∈ H 1 (Ω) such that
The proof of Theorem 6.1 is similar to the treatment of the E-mode equation in the previous sections. First, we show a Rellich identity for real valued A and then prove an a-priori bound for complex valued A using an absorption estimate. Let us start with a regularity result for a solution to our variational problem.
. We omit a proof of this result, which -in view of the transmission property for elliptic equations [16, Theorem 4.20] -is based on the same technique as the proof of Theorem 3.1. Roughly speaking, the transmission property states that if coefficients and right-hand side of (6.1) are smooth on both sides of the interface Γ −h where A jumps, and if the jumps [ 
The constant C is explicitly given in (6.8) .
Proof. In the beginning of this section we assumed a 2 + I = A| Γ h . Therefore we conclude by [7 The last step follows from the variational formulation. Due to our assumption Im(a 
